In this paper, the Cartan frames and the equi-affine curvatures are described with the help of the Frenet frames and the Frenet curvatures of a nonnull and non-degenerate curve in a 3-dimensional pseudo-Riemannian manifold. The constancy of the Frenet curvatures of such a curve always implies the constancy of the equi-affine curvatures. We show that the converse statement does not hold in general. Finally, we study the equi-affine curvatures of null curves in 3-dimensional Lorentzian manifolds, and prove that they are related to their pseudo-torsion.
Introduction
The studies of the curvatures of curves in equi-affine geometry have already the long history. The beginings of it we can find in the classical books about curves in affine spaces of dimension 2 and 3; see W. Blaschke [2] , H. W. Guggenheimer [9], B. Su [22] , cf. also J. Favard [7] , K. Nomizu and T. Sasaki [17] . Next, such curves were investigated also in higher dimensional affine spaces by, among others, D. Davis [3] On the other hand, these ideas were extended to the non-degenerate curves in equi-affine manifolds in the papers by W. Barthel and A. Irmingard [1] , M. Faghfouri and M. Toomanian [6] , V. Hlavatý [10] and P. Stavre [21] .
The present paper is a continuation of the authors works on the equi-affine curvature of curves in pseudo-Riemannian (including Riemannian) manifolds. Namely, in the paper [19] , we have expressed the equi-affine curvature with the help of the Frenet (geodesic) curvature of a non-degenerate curve in the case when the pseudo-Riemannian manifolds are 2-dimensional. Some motivations for study of equi-affine curvature of curves are also mentioned in [19] .
In the presented paper, as the main achievement, we describe the Cartan frames and the equi-affine curvatures with the help of the Frenet frames and the Frenet curvatures of a non-null and non-degenerate curve in a 3-dimensional pseudo-Riemannian manifold. As it can be seen, the constancy of the Frenet curvatures of such a curve always implies the constancy of the equi-affine curvatures. We will show that the converse statement does not hold in general. Finally, we study the equi-affine curvatures for null curves in 3-dimensional Lorentzian manifolds, and we show that they are related to their pseudo-torsion.
Curves in 3-dimensional equi-affine manifolds
In this section, following the classical books and papers mentioned in the introduction, we present the notion of the equi-affine curvature of a curve in a 3-dimensional equiaffine manifold.
Let (M 3 , ∇, Ω) be a 3-dimensional equi-affine manifold, that is, M 3 is an oriented 3-dimensional differentiable manifold endowed with an affine connection ∇ and a volume element (a nowhere vanishing 3-form) Ω such that ∇Ω = 0. If it is not confused, such a manifold will be denoted by M 3 .
Let α : I → M 3 , I being an open interval, be a non-degenerate curve in M 3 , that is, the mapping is smooth and Ω(α ′ , ∇ α ′ α ′ , ∇ 2 α ′ α ′ ) = 0 at every point of the curve. Thus, the vector fields α ′ , ∇ α ′ α ′ , ∇ 2 α ′ α ′ are linearly independent at every point of the curve α. The number
) will be called the orientation of α. In the case when M 3 is the standard affine space A 3 , a curve α is called dextrorse (right winding) if ε = +1, and sinistrorse (left winding) if ε = −1. For the further use, we assume recursively that ∇ k+1
Define the equi-affine speed function µ and an auxiliary function ϕ on I by
Then, the equi-affine arc length parameter σ starting at t 0 ∈ I is defined with the help of µ as
However, in the sequel, we still assume that the parametrization is arbitrary.
Define the Cartan moving frame (e 1 , e 2 , e 3 ) along the curve α by e 1 = ϕα ′ , e 2 = ∇ e 1 e 1 , e 3 = ∇ e 1 e 2 defCartfr defCartfr (2) Note that then, we have
Hence, it follows that Ω(e 1 , e 2 , ∇ e 1 e 3 ) = 0.
Therefore, there are two functions κ 1 and κ 2 on I such that ∇ e 1 e 3 = κ 1 e 1 + κ 2 e 2 . defvarkap defvarkap (4) The functions κ 1 , κ 2 are called the first and the second equi-affine curvatures of the curve α. They can be described as it follows
Theorem 1. The equi-affine curvatures of a non-degenerate curve in a 3-dimensional equi-affine manifold can be expressed in the following way
Proof. The covariant differentiating of the third equation of (3) along the curve gives
Using the last formula and (3) into (5) and (6) , after certain long computations, we find
equalities (9) and (10) turn into (7) and (8) , completing the proof.
Remark 1. For curves in the affine 3-dimensional space, some of the above formulas occur e.g. in [2, 9, 22 ].
3-dimensional pseudo-Riemannian manifolds
Let (M 3 , g) be a 3-dimensional, connected, oriented pseudo-Riemannian manifold.
By Ω, we denote the natural volume form generated by the pseudo-Riemannian metric g. We assume that Ω is compatible with the orientation of the manifold M 3 . Thus, in the local coordinates (x 1 , x 2 , x 3 ) of any chart belonging to the oriented atlas, Ω is given by
are the local components of the metric g. As the skew-symmetric (0, 3)-tensor field, the form Ω has local components
where ε ijk are the Levi-Civita symbols (that is, ε ijk equals the sign (= ±1) of the permutation (i, j, k), or 0 if the triple (i, j, k) is not a permutation of (1, 2, 3)). In the sequel, ω denotes the sign of the determinant G. Thus, ω = +1 if the signature of the metric g is (+ + +) or (+ − −), and ω = −1 if the signature of the metric g is As it is well-known, the volume form Ω enables to define the vector cross product of vector fields on M 3 in the following way: if X, Y ∈ X(M 3 ) (X(M 3 ) is the Lie algebra of smooth vector fields on M 3 ), then the vector cross product X × Y ∈ X(M 3 ) is defined uniquely by demanding that the following condition is fulfilled
When using local coordinates, the vector cross product is given by
, which has the following properties
for any X, Y, Z, W ∈ X(M 3 ). The above properties of the vector cross product are used in the next sections. Moreover, it can be also checked that
Frenet curves in 3-dimensional pseudo-Riemannian manifolds
In this section, we state the standard procedure defining the Frenet frame and curvatures of a curve in a 3-dimensional pseudo-Riemannian manifold.
Let M 3 be a 3-dimensional oriented pseudo-Riemannian manifold. Let α : I → M 3 be a non-null curve, I being an open interval. Thus, g(α ′ , α ′ ) = 0 at any point of I. We assume that the curve is arc length parametrized and suppose ε 1 = g(α ′ , α ′ )(= ±1).
Then, T = α ′ is the unit tangent vector field along α, and g(T, T) = ε 1 . We consider only non-degenerate curves, and without loss of generality, we assume that g(∇ T T, ∇ T T) = 0 at every point of I, and let
Choose the principal unit normal vector field N and the positive function κ such that fren1 fren1 (11)
Thus, g(T, N) = 0 and g(N, N) = ε 2 . Next, define the binormal vector field B by Next, one checks that it holds
for a certain function τ . Finally, it also holds
The triple of the orthonormal vector fields (T, N, B) is the Frenet frame, κ is the curvature and τ is the torsion of the curve α. The equations (11) -(13) are the Frenet equations of this curve.
Below, we write formulas useful in the description of the Frenet frame, the curvature and torsion of an arc length parametrized curve
Equi-affine curvatures of Frenet curves in 3-dimensional pseudo-Riemannian manifolds
Let (M 3 , g) be a 3-dimensional, connected, oriented pseudo-Riemannian manifold. We will also treat this manifold as the equi-affine manifold (M 3 , ∇, Ω) with ∇ and Ω being the Levi-Civita connection and the natural volume element related to the pseudo-Riemannian metric g.
Let α : I → M 3 be a Frenet curve parametrized by the arc length. Assume also that this curve is non-degenerate and suppose
In this section, we are going to express the Cartan moving frame (e 1 , e 2 , e 3 ) with the help of the Frenet frame (T, N, B) , and the equi-affine curvatures κ 1 , κ 2 with the help of the Frenet curvature κ and torsion τ of the curve α.
At first, we give some consequences of the the Frenet equations, which will be used below. Namely, having α ′ = T and the equations (11) -(13), we compute
Next, since Ω(T, N, B) = 1, using the formulas, we find
From (14) and (15), it follows that τ is non-zero at every point and ε = ε 3 sign τ . Therefore, sign τ = εε 3 . Moreover, by applying (15) into (1), we have ϕ = κ −1/3 |τ | −1/6 . phi phi (16) Theorem 2. Let α be a non-null, non-degenerate and arc length parametrized curve in a 3-dimensional oriented pseudo-Riemannian manifold. Then, the Cartan frame (e 1 , e 2 , e 3 ) of α can be expressed with the help of the Frenet frame (T, N, B) as it follows
Moreover, the equi-affine curvatures κ 1 , κ 2 of α can be expressed with the help of the Frenet curvature κ and torsion τ as it follows
Proof. At first, using (2) and α ′ = T, we obtain e 1 = ϕα ′ = ϕT, which by (16) gives (17). Next, having (17), we compute
which together with (11) leads to (18). In a similar manner, but having (17) and (18), we find
Hence, applying (11) and (12), we obtain (19).
To prove (20) and (21) we express the covariant derivative ∇ e 1 e 3 with the help of the Frenet vector fields T, N, B. To do it, having (19), we compute
Hence, applying the Frenet equations (11) -(13), we obtain
On the other hand, by (4), (17) and (18) lead to
Comparing the last two expressions for ∇ e 1 e 3 , we obtain the following system of linear equations with respect to κ 1 and κ 2
Solving the above system, we obtain (20) and (21).
The below corollaries are consequences of the above theorem. We use them in the next section. 
coro2 Corollary 2. Let α be a non-null, non-degenerate and arc length parametrized curve in a 3-dimensional oriented pseudo-Riemannian manifold. If the Frenet curvature and torsion of α are given by
where A and B are non-zero constants, then the equi-affine curvatures of α are
Examples of Frenet curves with constant equi-affine curvatures
As it is stated in Corollary 1, the constancy of the curvature and torsion of a Frenet curve always implies the constancy of the equi-affine curvatures. Frenet curves with constant curvature and torsion are usually called helices, and we can add that there are very many examples of such curves.
As it follows from the below discussion and examples, the statement which is converse to that given in Corollary 1 does not hold in general.
Curves of constant equi-affine curvatures in the tree dimensional affine space A 3 = (R 3 , D, Det) (D being the standard flat connection in the Cartesian space R 3 ) are already classified ( [2, 9] ). It is obvious that the most of these curves, when treated as curves in the Euclidean space E 3 or the Minkowski space E 3 1 , do not have constant Frenet curvature and torsion.
Below examples show that in certain non-flat Lorentzian manifolds, there exist nondegenerate curves with constant (precisely, zero) equi-affine curvatures and whose Frenet curvature and torsion are non-constant. Example 1. Let us define a Lorentzian metric g in R 3 by
where (x 1 = x, x 2 = y, x 3 = z) are the Cartesian coordinates in R 3 . The Levi-Civita connection ∇ is given by
where ∂ x = ∂/∂x, ∂ y = ∂/∂y, ∂ z = ∂/∂z. This metric is Lorentzian, non-flat, conformally flat with non-constant positive scalar curvature, but we omit the details. The volume element is
In (R 3 , g) , consider the curve
where ψ(t) = (b/a) ln(at), λ = ±1, and a, b are constants such that a > 0, a 2 + λ > 0, b = 0, b 2 − λ > 0. By direct computations, we find
Therefore, it can be derived that
Moreover, we find
Under our assumptions about the constants a, b, we deduce that ν(t) = 1, ε 1 = λ, ε 2 = 1, ε 3 = −λ, ε = sign b and
The curves are non-degenerate, and spacelike when λ = 1 and timelike when λ = −1. By Corollary 2, these curves have the equi-affine curvatures equal to
Therefore, κ 1 = κ 2 = 0 if and only if 3a 2 = 4(b 2 − λ). One can easily observe that this condition can be realized by some constants for spacelike curves as well as for timelike curves.
Example 2. Let us define a Lorentzian metric g in R 3 by
and ∇ ∂ ∂x i ∂ ∂x j = 0 otherwise. This metric g is Lorentzian, non-flat, conformally flat with non-constant negative scalar curvature, but we omit the details. The volume element is of the form
where ψ(t) = (b/a) ln(at), and a, b are constants such that 0 < a < 1, 0 < b 2 < 1. At first, we find
, and consequently,
In view of the above formulas and our assumptions about the constants a, b, we have ν(t) = ε 1 = ε 2 = 1, ε 3 = −1, ε = sign(b) and
The curves are spacelike and non-degenerate. By Corollary 2, their equi-affine curvatures are
Therefore, κ 1 = κ 2 = 0 if and only if 3a 2 + 4b 2 = 4. One easily observes the existence of the values of a, b realizing this condition.
Equi-affine curvatures of null curves in 3-dimensional Lorentzian manifolds
Constructing the Frenet frame and the curvature functions of a null curve in an arbitrary 3-dimensional Lorentzian manifold, we follow [4, 5] ; cf. also [8] .
Let (M 3 , g) be a 3-dimensional, connected, oriented Lorentzian manifold. As in the previous sections, we treat this manifold as the equi-affine manifold (M 3 , ∇, Ω) with ∇ and Ω being the Levi-Civita connection and the natural volume element related to the Lorentzian metric g.
Let α : I → M 3 , I being an open interval, be a null and non-degenerate curve in (M 3 , g). Thus, g(α ′ , α ′ ) = 0 and the vector fields α ′ , ∇ α ′ α ′ , ∇ 2 α ′ α ′ are linearly independent at every point of the curve. Note that since additionally g(∇ α ′ α ′ , α ′ ) = 0, it must be that g(∇ α ′ α ′ , ∇ α ′ α ′ ) > 0, and consequently g(∇ 2 α ′ α ′ , α ′ ) = −g(∇ α ′ α ′ , ∇ α ′ α ′ ) < 0. As it is well-known, the curve α can be reparametrized in such a way that
Such a parametrization is called pseudo-arc length (distinguish). In the sequel, we assume the curve α is pseudo-arc length parametrized.
For the curve α, define the function τ by τ = 1 2 g(∇ 2 α ′ α ′ , ∇ 2 α ′ α ′ ). kap-null kap-null (22) Thus, for the vector fields α ′ , ∇ α ′ α ′ , ∇ 2 α ′ α ′ , we have scprod scprod (23)
Define the three vector fields L, N and W along the curve α by
τ being the function defined by (22). In view of (23), the scalar products of these vector fields are given by g(L, N) = g(W, W) = 1, g(L, L) = g(L, W) = g(N, N) = g(N, W) = 0. scpr-arc scpr-arc (25) These vector fields satisfy the following system of differential equations
The frame (L, N, W) will be called the Frenet frame of the null curve α, and the function τ will be called its pseudo-torsion. theo3 Theorem 3. Let α be a null, non-degenerate and pseudo-arc length parametrized curve in a 3-dimensional oriented Lorentzian manifold. Then, the parametrization of α is equi-affine arc length and the Cartan frame (e 1 , e 2 , e 3 ) of α can be expressed with the help of the Frenet frame (L, N, W) as it follows
